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The paper presents the phenomenological analysis of the energy dependence for the ratio of elastic
to total cross section in proton-proton and antiproton-proton scattering. The analytic functions
based on the study of low- and high-energy experimental data for various scattering parameters
provide the quantitative description of energy dependence of the ratio with statistically acceptable
qualities in wide range of collision energy
√
s ≥ 3 GeV in the case of the separate datasets for pp,
p¯p collisions and at
√
s ≥ 5 GeV for the joined experimental data ensemble. Based on the fit results
the estimations are derived for the ratio of elastic to total cross section in pp scattering at various√
s up to energy frontier
√
s = 10 PeV which can be useful for present and future hadron colliders
as well as for cosmic ray measurements at ultra-high energies. The indication is observed for onset
of the asymptotic region at
√
s & 5− 10 PeV for the ratio of cross sections under consideration.
PACS numbers: 13.85.Dz;13.85.Lg
I. INTRODUCTION
Experimental data show definitely that the elastic cross section (σel) growth faster with increasing of collision energy
(
√
s) than total cross section (σtot) in pp and p¯p collisions. This means that the probability for survival of incoming
(anti)nucleons increases with the
√
s and this experimental fact is important and some unexpected. It should be
stressed the nature of the effect is yet not understood, moreover, the advancing growth of the σel(s) with respect
to the σtot(s) is studied much less intensively than, for example, the behavior of the energy dependence of the total
cross section for pp and p¯p collisions. The possible interrelations the energy behavior of σel and, as consequence,
survival probability in (anti)nucleon collisions with Bose–Einstein condensation and topology of the QCD vacuum
are considered in [1]. As discussed in [2] the structure of the QCD vacuum may be characterized by highly irregular,
fractal-like geometry. Furthermore one can suggest that the geometric shape of interaction region may be complex and
correspond rather fractal than the simplest cases of the Euclidean geometry. Thus the hypothesis can be suggested
for influence both the topology properties of the QCD vacuum and the type of geometry used for approximation
for the shape of colliding particles on energy dependence of global parameters, especially, cross sections of hadronic
scattering. In general this suggestion means the fundamental interrelation between geometry and dynamics of the
strong interaction processes. But these qualitative reasoning should be verified by analysis of experimental data.
Another important task is the study of asymptotic behavior of the global parameters of hadronic scattering and
search for the onset for asymptotic region on collision energy. Asymptotic relations are based on the fundamental
properties of the quantum field theory, namely, on the analyticity of scattering amplitude and unitarity condition.
Moreover processes with small momentum transfer provide the main contribution in cross sections of hadronic inter-
actions at high energies. Thus the investigations of the energy behavior of cross sections and relations between them
allow the wide opportunities for study of QCD-inspired models, in particular, the approach of gluonic (or glueballic)
clouds, on large distances.
Therefore the study of energy dependence for relation between σtot and σel in hadronic interactions seems relevant
for development both the theory of strong interactions, in particular, soft physics and the basic statements of quantum
field theory.
The paper is organized as follows. In Section II, the definition of observable and equations for fitting functions
are presented. Section III contains the results for fits of the ratio of elastic to total cross section in pp and p¯p
elastic scattering separately as well as in the case of joined sample for these two types of collisions. In Section IV
the predictions for the cross section ratio in pp at some energies as well as possible indication on the onset of the
asymptotic region are discussed. Section V contains the final remarks and brief summary.
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2II. OBSERVABLE AND APPROXIMATING FUNCTIONS
In the present work the ratio of the elastic cross section to the total cross section
Re/t = σel/σtot (1)
is studied in dependence on the collision energy for pp and p¯p collisions. For the first case the experimental sample for
set of the global scattering parameters Gpp ≡ {Gipp}2i=1 = {σpptot, σppel } based on the database from [3], for p¯p scattering
experimental points for the corresponding set Gp¯p are from [4].
The σtot(s) and σel(s) demonstrate similar basic features and functional behavior in wide energy range. In general
the behavior of the σtot in high energy domain can be qualitatively described as ∝ lnα ε for pp and p¯p collisions, where
0 < α ≤ 2, ε ≡ s/s0 and s0 = 1 GeV2. Such dependence appears in various approaches [3–5]. On the other hand
the term ∝ ε−β suggested within axiomatic quantum field theory (AQFT) [6] allows us the reasonable description for
the experimental data at low energies down to the
√
s = 3 GeV [4, 6]. Moreover the detailed analysis of the energy
dependence of slope parameter (B) in elastic scattering shows that the function ∝ ln−γ ε provides the close χ2/n.d.f.
values as the power law for low-energy domain [7]. Therefore both functions under discussion can be considered as
an possible approximation for the low-energy behavior of parameters from the set Gpp/p¯p. Taking into account the
arguments given above as well as the view of experimental dependence for the ratio (1) shown below the following
analytic functions are suggested for approximation of the data for Re/t(s):
Re/t(s) = a1 + a2 ln
a3 ε+ a4 ln
−a5 ε, (2a)
Re/t(s) = a1 + a2 ln
a3 ε+ a4ε
−a5 , (2b)
where free parameters ai, i = 1− 5 depend on range of the fit, i.e. on the low boundary for energy interval s ≥ smin.
It is supposed the second terms in the functions (2) describe the high-energy behavior of Re/t(s) and the third terms
– low-energy domain.
It was deduced, that upper bound on the inelastic cross-section (σinel) at high energy is one-fourth of the corre-
sponding upper bound on σtot [8], i.e.
[
supσinel(s)/ supσtot(s)
]
s∈Sh⊂S
= 1/4 in the high energy subrange Sh ⊂ S
with taken into account the equal domain of energies S ≡ [4m2p,∞) on which any cross section (σtot, σel and σinel) is
defined, where mp is the proton mass [5] and the low boundary of S – sl.b. ≡ 4m2p – corresponds to the interactions
(pp, p¯p) under discussion. According to the propositions for the properties of scattering amplitude for binary process
κ1 + κ2 → κ3 + κ4 within AQFT the cross sections σtot(s), σel(s) are locally integrable functions at s ∈ S [9]. It
means that these functions are Riemann integrable ∀ [s1, s2] ⊂ S. In view of the necessary condition for Riemann
integrability of a function, the cross sections σtot(s), σel(s) are bounded ∀ [s1, s2] ⊂ S (see, for instance, [10]). All
these properties are valid for σinel(s) due to the unitarity condition σtot = σel + σinel and the linearity property. It is
considered reliably established, both theoretically and experimentally, that all the cross sections under consideration
grow with increasing s at least for high energy domain [5]. Therefore the following relations are valid: (i) ∀ i, i = tot,
inel, el: ∃ lims→∞ σi(s) ≡ Li and Li is finite; (ii) ∀ i, i = tot, inel, el: sups∈Sh σi(s) = lims→∞ σi(s). Then
sups∈Sh⊂S σinel(s)
sups∈Sh⊂S σtot(s)
=
lims→∞ σinel(s)
lims→∞ σtot(s)
= lim
s→∞
σinel(s)
σtot(s)
≡ lim
s→∞
Ri/t(s), (3)
where Ri/t = σinel/σtot. It means [
Re/t(s)]s→∞ → 3/4 (4)
with taking into account the unitarity condition. Asymptotically both approximating functions (2) can be written as
follows: [
Re/t(s)]s→∞ ≈ a1 + a2 lna3 ε (5)
because the terms corresponding to the low-energy region become negligibly small at s → ∞ in the Eqs. (2a) and
(2b). Consequently, the following relation is derived
sa ∼ s0 exp
{[
(3/4− a1)/a2
]1/a3}
(6)
for the collision energy at which asymptotic regime should manifests itself in the pp and p¯p interactions1.
1 It is obvious that the energy scale of the boundary of the asymptotic region is a physically objective quantity that is constant, at least
for the certain indication under consideration, and does not depend on the specific form of approximating function for this indication.
The view of this function determines only the certain relation between the estimation of the asymptotic energy and the fit parameters.
3Also the quantity (1) can be related with the parameter κ(s) ≡ σtot(s)/8piB(s) indicating the asymptotic domain
for such global scattering parameters like total cross sections, slope etc. [3] as follows
κ(s) = 2Re/t(s)
[
1 + ρ2(s)
]−1
, lim
ρ→0
κ(s) = 2Re/t(s), (7)
where ρ(s) ≡ ReF (s, 0)/ImF (s, 0) is the ratio of real to imaginary part of the amplitude in the forward direction.
One can note that experimental data show |ρ(s)| . 0.3 (0.2) at √s & 5 (3) GeV for pp (p¯p) collisions [4]. Therefore
the limit in (7) is valid in wide energy ranges for both pp and p¯p scattering at accuracy level better than 0.1.
III. EXPERIMENTAL DATA AND FIT RESULTS
In Figs. 1 and 2 the dependence of the ratio (1) on
√
s is shown for pp and p¯p collisions respectively2. The physical
observable Re/t is experimentally available for
√
s ≥ 2.03 (1.89) GeV in pp (p¯p) elastic scattering. As seen there is
the sharp peak in the Re/t(s) near the low threshold 2mp for p¯p scattering (Fig. 2) which does not allow us to use the
equations (2) for approximation of all available experimental points. Therefore a low boundary of the energy range
for approximations with help of the functions (2) should be chosen no smaller than 2 GeV. Furthermore in Fig. 1
the Re/t(s) qualitatively agrees with constant at
√
s ≥ 100 GeV and possibly this statement is valid for p¯p too (Fig.
2). Thus the dependence Re/t(s) is also fitted by constant Re/t(s) = a0 at
√
smin = 100 GeV for both the pp and p¯p
elastic scattering reactions3. Tables I, II show the fit parameter values for approximations of the experimental Re/t(s)
for pp and p¯p respectively by functions under consideration at various smin.
At
√
smin = 2 GeV function (2a) provides significantly better χ
2/n.d.f. than function (2b) but the both approxima-
tions (2) under consideration lead to the poor fit quality in the case of elastic pp interactions with opposite situation
for p¯p with regard of fit qualities for (2a) and (2b). From Tables I, II it is seen that the both functions (2) approximate
the experimental dependence Re/t(s) for pp, p¯p with statistically acceptable quality for wide energy range
√
s ≥ 3
GeV, which covers the domain of validity of the approach 1 + ρ2 ≈ 1 at accuracy level not worse than 0.09, 0.04
respectively. Therefore in the rest part of paragraph the discussion is focused on the results obtained at
√
smin ≥ 3
GeV (Tables I, II). For the pp collisions the behavior of the generalized logarithmic function (2a) is close to the ln ε
at high energies, especially for
√
smin = 3 GeV while the function (2b) leads to the significantly faster growth in
high-energy range at corresponding smin, namely, the a3 value almost coincides with 2.0 within 2 standard deviation
(s.d.). In the case of p¯p the a3 is characterized by larger dispersion of values (Table II): the function (2a) is close to
the ln ε at high energies for
√
smin = 3 GeV only while a3 value coincides with 2.0 within 2 s.d. at larger smin; the
function (2b) provides large discrepancy for different smin at high energies, in particular, the (2b) growths very fast at√
smin = 3 GeV. Although the functions (2a) and (2b) show close values of χ
2/n.d.f. the behavior of Re/t(s) for small
and intermediate energies is slightly better described by the power law dependence on ε than the power of ln ε. At√
smin = 100 GeV constant provides the quantitative agreement with experimental points for both types of collisions
(pp and p¯p).
The comparison of fitting curves obtained for various functions (2) and values of smin provides the following
qualitative conclusions. In accordance with numerical fit results (Tables I, II) the dependence on the type of fitting
function at fixed value
√
smin = 2−5 GeV is most pronounced for the smallest value of the low boundary for the fitted
interval of s and becomes weaker with increasing of the smin for both pp and p¯p collisions. For
√
smin = 2 GeV visible
difference is observed between curves obtained with help of the functions (2a) and (2b) at
√
s & 100 GeV for pp and
even at
√
s & 20 GeV for p¯p. The range of close behavior for (2a) and (2b) significantly expands for larger smin. The
fit curves are close to each other for
√
s & 10 (1) TeV at
√
smin = 3 GeV and for
√
s & 100 (10) TeV at
√
smin = 5
GeV in pp (p¯p) scattering, i.e. in the last case the fit curve for proton-proton or antiproton-proton data depends on
type of functions (2) very weakly at any experimentally reached energies. The situations with fitting curves at fixed
type of function in (2) and variation of the smin are similar for both type of collisions under study. The fitting curves
(2a) show a close behavior for all smin, especially at
√
smin = 3 and 5 GeV in the experimentally measured energy
domain with some larger discrepancy between approximations for p¯p than that for pp. For the function (2b) the curve
for
√
smin = 2 GeV differs noticeably from the other two approximations, which practically coincide with each other
2 In the paper total errors are used for experimental points unless otherwise specified. The total error is calculated as addition of systematic
and statistical uncertainties in quadrature [5].
3 As seen in Figs. 1, 2 there is large gap between measurements at the highest Intersecting Storage Rings (ISR) energy
√
s ≈ 63 GeV and
nearest right point at
√
s = 2760 (546) GeV for pp (p¯p). Therefore the choice
√
s = 100 GeV as some boundary is conditional and this
value is used below without loss of generality
4at 5 ≤ √s < 105 (2000) GeV for pp (p¯p). The qualitative relations indicated above for various fitting curves are
mostly explained by influence of the low-energy data which are excluded from the fitted samples at
√
smin ≥ 3 GeV.
In Figs. 1, 2 the smooth curves correspond to the fits with best quality at each certain
√
smin = 2 and 3 GeV,
i.e. the fit by function (2a) at
√
smin = 2 GeV and by (2b) at
√
smin = 3 GeV are shown for pp collisions; the
approximations by the function (2b) for both
√
smin under consideration are presented for p¯p elastic reaction in
accordance with Tables I, II. As seen in Figs. 1, 2 the suggested functions (2a) and (2b) provide the reasonable
agreement with experimental data down to the
√
smin = 2 GeV for pp (Fig. 1) and p¯p scattering (Fig. 2) respectively.
The fit curves shown in Fig. 1 for pp demonstrate the close behavior at all experimentally available energies while
for p¯p the approximation at
√
smin = 2 GeV is characterized significantly slower growth in high-energy range than
the curve at
√
smin = 3 GeV (Fig. 2). The inner panel in Fig. 2 shows the change of trend in Re/t(s) near the
low-boundary energy 2mp in details for p¯p collisions and confirms the validity of approximations (2) at
√
s ≥ 2 GeV.
As indicated above the fit curve (2b) at
√
smin = 3 GeV for p¯p demonstrate very fast growth for multi-TeV region in
comparison with both the other approximations for p¯p and the corresponding curve for pp. But this difference can
be dominated by absent of experimental points for the first case at
√
s > 2 TeV. Therefore the new data for p¯p are
crucially important at multi-TeV energies for more definite physical conclusions with regard of high-energy behavior
of Re/t(s) for p¯p. Results of the present work are compared with the ratio of approximation for σel from [11] to
”standard” functions for σtot in pp and p¯p reactions from [5] shown by thin lines in Figs. 1, 2. As expected these
curves lie some lower than most of experimental points at
√
s < 10 GeV because the fit for σel was only made for√
s ≥ 10 GeV [11]. For pp collisions there is the visible discrepancy between smooth curves (2) and approximation
based on the parameterizations from [5, 11] in the energy domain
√
s ∼ 0.3− 30 TeV (Fig. 1). The new experimental
data from Relativistic Heavy Ion Collider (RHIC) at
√
s ∼ 0.1− 0.5 TeV and from low-energy Large Hadron Collider
(LHC) mode at
√
s ∼ 1.0 TeV will be helpful for choice of favorable approach. The curve for pp based on the [5, 11]
shows the slower growth of Re/t(s) at ultra-high energies
√
s & 100 TeV with regard of functions (2) at various smin
and this feature can be important for estimation of the onset of asymptotic regime. The approximating line for p¯p
obtained with help of the parameterizations from [5, 11] is very close to the curves with best fit qualities obtained
within present work at
√
smin = 2 and 3 GeV in the energy range 10 .
√
s . 2000 GeV then the some discrepancy
appears for higher energies (Fig. 2). This difference between various approximations for Re/t(s) in p¯p increases with
growth of s.
As seen in Figs. 1, 2 the experimental dependence Re/t(s) shows the similar functional behavior at qualitative level
for pp and p¯p collisions at
√
s > 2 GeV, i.e. in full energy domain which is available for comparison. Therefore the
ratio (1) is studied for joined sample for pp and p¯p collisions4. Fig. 3 shows the experimental dependence Re/t(s)
together with approximations described in details below for nucleon-nucleon scattering. Numerical results of fitting
the Re/t(s) by functions (2) are shown in Table III at various
√
smin. Functions (2a) and (2b) approximate the joined
dataset for the ratio (1) in nucleon-nucleon scattering with close values of χ2/n.d.f. at any
√
smin = 2 − 5 GeV and
statistically acceptable quality is achieved at
√
smin = 5 GeV only. Moreover the function (2b) provides the some
better quality of the approximation especially at
√
smin = 2 GeV than the generalized logarithmic function (2a).
In difference with the fits for separated samples for pp and p¯p approximation of the Re/t(s) for joined ensemble for
nucleon-nucleon collisions by a constant with statistically acceptable quality is possible only in the TeV-energy range.
Since the main contribution is given by experiments on pp collisions in this energy domain, then, as might be expected,
the value of the a0 for the joined sample coincides within errors with the value of the constant for pp scattering. The
inner panel in Fig. 3 shows the Re/t(s) near the low-boundary energy 2mp in details for pp and p¯p collisions. As
seen this energy range is characterized by the significant dispersion of experimental points in pp, p¯p which leads to
the unacceptable large χ2/n.d.f. at
√
smin = 2 GeV. On the other hand the experimental points demonstrate the
similar trends – decreasing of the ratio (1) with the collision energy increase – at
√
s > 2.1 − 2.2 GeV which lead to
the fast improvement of the agreement between data for pp and p¯p. Thus the detailed analysis of low-energy data
for nucleon-nucleon collisions confirms the qualitative observation made above with regard of the similar functional
behavior of the Re/t(s) in pp and p¯p scattering in almost whole energy domain which is available for comparison of
experimental data for these two collision processes.
There are the following qualitative relations between fit curves for various parameterizations (2) and values of smin.
The fitting curves show a close behavior for all smin in the whole energy range achieved in the accelerator experiments
in the case of the function (2a). Moreover this statement is valid for the parametrization (2b) too in difference with
the separated samples for pp, p¯p. For the nucleon-nucleon collisions the situation with respect to the influence of the
type of parametrization at fixed smin is less unambiguous than for pp and p¯p. For
√
smin = 3 and 5 GeV, visible
difference between two curves (2a) and (2b) are observed at
√
s ≥ 10 TeV, and in the first case the difference is much
4 Below for brevity the joined sample is also called the ensemble for nucleon-nucleon scattering.
5larger. But the approximations obtained with different functions in (2) are very close up to
√
s ≈ 100 TeV and the
difference between them becomes noticeable only at
√
s & 0.5 PeV for the low boundary of the fitted energy domain√
smin = 2 GeV.
During the pre-LHC period there was the hypothesis on constant behavior for quantity related with the Re/t(s)
at intermediate energies [12]. Indeed Figs. 1 – 3 show that the experimental Re/t(s) is almost flat in wide enough
energy domain from
√
s ∼ 5 − 10 GeV up to the √s ≈ 63 GeV. For completeness the Re/t(s) is fitted by constant
at intermediate energies s1 ≤ s ≤ 104 GeV2 with the following results: a0 = 0.1789 ± 0.0008, χ2/n.d.f. = 28.3/28
at
√
s1 = 10 GeV for pp collisions; a0 = 0.1805 ± 0.0017, χ2/n.d.f. = 13.2/15 at √s1 = 5 GeV for p¯p collisions;
a0 = 0.1786± 0.0008, χ2/n.d.f. = 33.4/37 at √s1 = 10 GeV for nucleon-nucleon scattering. Approximation for joined
ensemble is shown in Fig. 3 by thin line and numerical fit results confirms the hypothesis on constant behavior for
Re/t(s) in both cases of the separate sets for pp, p¯p and of the joined sample for nucleon-nucleon scattering. But the
measurements at TeV-energies unambiguously indicate that the hypothesis on constant Re/t(s) is valid in the some
restricted energy domain and this effect is due to (i) wide and flat minimum in σtot(s) and almost constant behavior
in σel(s) for intermediate energy range 5 .
√
s . 100 GeV or (ii) small number of points at
√
s > 0.5 TeV for pp, p¯p
collisions. Fig. 3 definitively confirms this statement by smooth increase of the Re/t(s) at
√
s & 5 GeV. Therefore
the apparent effect of the constancy of Re/t(s) is dominated by the kinematic (restricted range of
√
s and large gap
between two subsets of experimental data) and / or methodological (small data sample) features rather than the
dynamics of the interaction process. As it is known the growth of Re/t(s) is the strong argument against geometrical
model and can be considered as indication on the amplification of the opacity of (anti)nucleon with the increasing of
collision energy [12].
IV. SEARCH FOR ONSET OF THE ASYMPTOTIC REGION
The analytic functions (2) and numerical fit results (Table I, II) allow the quantitative estimations for the ratio
Re/t at various collision energies. These predictions will be within the framework of the Standard Model (SM) physics
without any hypothesis for the contributions of the physics beyond the SM. On the other hand until now there is no
any evidence for appearance the physic processes and / or particles beyond the SM which can be influence on the
energy behavior of terms of the sets Gpp,p¯p. Thus the using of the approach based on the SM seems reasonable. It
should be noted that continues growth of the functions (2) with increase of s at
√
s ≥ 3 GeV is driven by the available
data. But the saturation behavior should be expected for Re/t(s) at close to the onset of the asymptotic region and
at future increase of s. Obviously this effect can not been taken into account within model-independent fit. As noted
above the lack of experimental p¯p data in multi-TeV energy domain leads to the significant uncertainty for behavior
of the Re/t(s) at high energies. Moreover, the most of the present facilities (RHIC, LHC) as well as the international
projects for possible future higher-energy hadron collider (Future Circular Collider – FCC-hh, Super Proton-Proton
Collider – SPPC, Very Large Hadron Collider – VLHC) are with proton beams [13–15]. Therefore here discussion is
focused on the pp scattering. In addition the estimations for Facility for Antiproton and Ion Research (FAIR) and
Nuclotron-based Ion Collider fAcility (NICA) energy ranges are omitted because of reasons from [4].
The comparison of the various fitting curves shows that weakest dependence of the results on approximation type
is at
√
smin = 5 GeV with preservation of the statistically acceptable χ
2/n.d.f.. Therefore Table IV shows the
estimations for Re/t(s) calculated with help of the results for fitting functions (2a) and 2b) at
√
smin = 5 GeV (Table
I). As expected the values of Re/t(s) coincide within errors for two functions under consideration at each
√
s. The
ratio (1) reaches the asymptotic level at
√
s & 5 − 10 PeV within 1.3–1.5 s.d. for (2a) and within large 1 s.d. for
(2b) but the median values of the Re/t(s) are significantly smaller than 3/4 for both functions (2) so far. Thus results
in Table IV can be considered as indication only for the onset of the asymptotic regime in pp, p¯p elastic collisions
at
√
sa ∼ 5 − 10 PeV. It should be noted that available experimental data allow the getting only rough estimation
in order of magnitude for the energy boundary of asymptotic region. From this point of view, the estimation of sa
agrees quantitatively with results for low-energy boundary of the asymptotic region of cross sections (σtot, σel and
σinel) obtained within approach of the partonic disks [16]. Furthermore the value of the sa obtained here is reasonably
consistent, at least, on the qualitative level with the results of the study for asymptotic behavior σtot within the
framework of AQFT approach [17] but significantly smaller than the value of sa which can be obtained with help of
the parameter κ(s) within Regge–eikonal model [3]. Thus in general numerical results of the present work confirm
definitely the important conclusion from other approaches refered above, namely, the onset of the asymptotic region
lies at energies larger than at least O(100 TeV) and, more likely, even in multi-PeV energy domain. The new high-
quality data at energies
√
s ∼ O(100 TeV) as well as development of phenomenological models are crucially important
for improvement of the present estimations for sa. Such data can be obtained in future collider experiments and
ultra-high energy cosmic ray measurements. Perhaps, the selection of appropriate parameters which are sensitive to
the transition in asymptotic regime and further simultaneous phenomenological analysis of theirs energy dependencies
6will allow the improvement of precision of the quantitative estimations for onset of the asymptotic region in hadronic
collisions.
V. SUMMARY
The main results of this paper are the following. Energy dependence for the ratio of elastic to total cross section
Re/t is analysed at quantitative level in details for pp and p¯p collisions as well as for joined sample in nucleon-nucleon
scattering. The analytic parameterizations with generalized logarithmic high-energy term and various functional
view of low-energy term are suggested for approximation of the Re/t(s). These functions describe reasonably the all
available experimental data for both pp and p¯p with exception of the narrow region
√
s < 2 GeV near the low-energy
boundary for the last case. The both parameterizations provide the statistically acceptable and close fit qualities for
wide energy range
√
s ≥ 3 GeV in pp and p¯p collisions. In general the similar statements are valid for joined nucleon-
nucleon data sample too but the statistically acceptable quality is observed at slightly larger low boundary of the fitted
energy range
√
smin = 5 GeV. Nevertheless the functions suggested in the paper show the reasonable coincidence with
qualitative trends in the joined dataset in almost whole experimentally available energy domain
√
s > 2 GeV. Thus
these parameterizations allows the noticeable expansion of the described energy domain down to the lower values of√
s in comparison with other models. The ratio Re/t(s) allows the fit by constant in separate ranges at intermediate
and high energies for all samples, pp, p¯p and nucleon-nucleon, under consideration but possibly the flat behavior of
the Re/t(s) is explained rather by restriction of the fitted energy range and /or small number of experimental points
than some dynamic features of the interaction processes. Based on the fit results the estimations are derived for the
ratio Re/t in elastic pp scattering at different
√
s up to energy frontier
√
s = 10 PeV. These estimations indicate that
quantity under consideration reaches the its asymptotic value at
√
s & 5− 10 PeV within 1.0 – 1.5 s.d. in dependence
of the type of approximating function. On the other hand the large estimation uncertainties for ultra-high energies
allow only the qualitative discussion for onset of the asymptotic regime for the parameter Re/t in pp elastic scattering.
Therefore taking into account the last statement the value
√
sa ∼ 5− 10 PeV observed here can be considered only as
the rough estimation for low boundary of the asymptotic energy domain. But in any way results of the paper confirm
the important conclusion that the asymptotic region for hadronic interactions lies far from the energies reached in
both the collider experiments and comic ray measurements.
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7TABLE I: Values of parameters for fitting of Re/t(s) in pp elastic scattering.
√
smin, Parameter
GeV a1 a2 × 103 a3 a4 a5 χ2/n.d.f.
(2a)
2 0.1596 ± 0.0015 0.136 ± 0.016 2.26 ± 0.04 1.57± 0.04 2.71 ± 0.05 371/87
3 0.016± 0.009 15± 4 0.94 ± 0.08 0.74± 0.06 1.20 ± 0.10 55.5/55
5 0.052± 0.025 3.8± 1.6 1.33 ± 0.11 0.481 ± 0.019 0.95 ± 0.08 41.9/41
(2b)
2 0.1794 ± 0.0008 (7.4± 2.0) × 10−5 4.79 ± 0.09 3.91± 0.27 1.40 ± 0.04 516/87
3 0.164± 0.003 0.06± 0.04 2.55 ± 0.25 0.87± 0.14 0.76 ± 0.06 54.5/55
5 0.157± 0.005 0.16± 0.09 2.23 ± 0.19 0.44± 0.17 0.58 ± 0.11 41.6/41
constant
102 0.255± 0.004 – – – – 3.04/6
TABLE II: Values of parameters for fitting of Re/t(s) in p¯p elastic scattering.
√
smin, Parameter
GeV a1 a2 × 103 a3 a4 a5 χ2/n.d.f.
(2a)
2 (2.50 ± 0.04) × 10−4 3.2± 1.2 1.52 ± 0.13 0.542 ± 0.007 0.86± 0.03 334/88
3 0.089 ± 0.017 8± 4 1.03 ± 0.13 0.69 ± 0.06 1.76± 0.09 32.3/28
5 0.137 ± 0.016 0.17 ± 0.09 2.33 ± 0.20 0.24 ± 0.08 1.2± 0.4 12.2/16
(2b)
2 0.025 ± 0.008 41± 6 0.60 ± 0.07 0.776 ± 0.024 0.61± 0.03 266/88
3 0.170 ± 0.005 0.0066 ± 0.0026 3.4± 0.8 1.5± 0.8 1.17± 0.22 31.6/28
5 0.058 ± 0.027 5± 3 1.331 ± 0.024 0.21 ± 0.06 0.19± 0.13 11.8/16
constant
102 0.217 ± 0.005 – – – – 7.03/4
TABLE III: Values of parameters for fitting of Re/t(s) for joined sample for pp and p¯p elastic reactons.
√
smin, Parameter
GeV a1 a2 × 103 a3 a4 a5 χ2/n.d.f.
(2a)
2 (2.0± 0.6) × 10−4 7.8± 0.4 0.931 ± 0.017 0.638 ± 0.005 1.073 ± 0.013 3279/180
3 0.018 ± 0.006 9.9± 1.5 0.83 ± 0.06 0.64 ± 0.05 1.22 ± 0.12 230/88
5 0.153 ± 0.004 0.067 ± 0.028 2.30 ± 0.13 0.55 ± 0.17 1.92 ± 0.24 108/62
(2b)
2 0.155 ± 0.003 0.28 ± 0.11 1.80 ± 0.12 0.952 ± 0.026 0.822 ± 0.021 3191/180
3 0.169 ± 0.003 0.018 ± 0.003 2.7± 0.3 0.97 ± 0.18 0.91 ± 0.08 230/88
5 0.121 ± 0.006 1.0± 0.3 1.48 ± 0.11 0.207 ± 0.025 0.32 ± 0.04 105/62
constant
103 0.252 ± 0.003 – – – – 9.72/9
8TABLE IV: Predictions for pp based on the fit results at
√
smin = 5 GeV.
√
s, TeV
Function RHIC LHC HE-LHC, LHC-ultimate
0.20 0.41 0.51 0.90 14 28 33 42
(2a) 0.19± 0.05 0.20 ± 0.06 0.20 ± 0.06 0.21 ± 0.07 0.27± 0.11 0.29± 0.12 0.29± 0.12 0.30 ± 0.12
(2b) 0.188 ± 0.023 0.20 ± 0.03 0.20 ± 0.03 0.21 ± 0.04 0.27± 0.09 0.29± 0.11 0.29± 0.11 0.30± 0.12
SPPC, FCC-hh, VLHC-I, II
40 50 70.6 100 125 150 175 200
(2a) 0.30± 0.12 0.30 ± 0.13 0.31 ± 0.13 0.32 ± 0.14 0.33± 0.14 0.33± 0.15 0.34± 0.15 0.34 ± 0.15
(2b) 0.30± 0.12 0.31 ± 0.12 0.32 ± 0.14 0.33 ± 0.14 0.34± 0.15 0.34± 0.16 0.35± 0.16 0.35± 0.17
ultra-high energy cosmic rays higher energies
110 170 250 500 750 103 5× 103 104
(2a) 0.33± 0.14 0.34 ± 0.15 0.35 ± 0.15 0.37 ± 0.17 0.38± 0.17 0.39± 0.18 0.43± 0.21 0.46 ± 0.22
(2b) 0.33± 0.15 0.35 ± 0.16 0.36 ± 0.17 0.39 ± 0.20 0.40± 0.21 0.41± 0.22 0.49± 0.29 0.5± 0.3
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FIG. 1: Energy dependence for the ratio of σel to σtot in pp collisions, where dashed curve corresponds to the fit by (2a) at√
smin = 2 GeV, solid curve – by (2b) at
√
smin = 3 GeV and dotted line – by constant at
√
smin = 100 GeV (see detailed
description in the text). The thin solid line corresponds to the ratio of the approximation for σel(s) from [11] to the analytic
function for σtot(s) from [5]. Experimental data are from [3].
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FIG. 2: Energy dependence for the ratio of σel to σtot in p¯p collisions, where dashed curve corresponds to the fit by (2b) at√
smin = 2 GeV, solid curve – by (2b) at
√
smin = 3 GeV and dotted line – by constant at
√
smin = 100 GeV (see detailed
description in the text). The thin solid line corresponds to the ratio of the approximation for σel(s) from [11] to the analytic
function for σtot(s) from [5]. Inner panel: the experimental points and fit curve in the narrow range
√
s = 1.86 − 2.36 GeV
near the low-energy boundary. Experimental data are from [4].
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FIG. 3: Dependence of the ratio Re/t on
√
s for joined sample for pp (open symbols) and p¯p (solid symbols) collisions, where
dashed curve corresponds to the fit by (2b) at
√
smin = 2 GeV, solid curve – by (2b) at
√
smin = 3 GeV and dotted lines – by
constant at
√
smin = 1 TeV (see detailed description in the text). Thin solid curve shows the fit by constant in the intermediate
energy range at
√
s1 = 10 GeV. Inner panel: the experimental points and fit curve in the narrow range
√
s = 1.86− 2.36 GeV
near the low-energy boundary. Experimental data are from [3, 4].
